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Abstract. We study non-elliptic quadratic differential operators. Quadratic dif- 
ferential operators are non-selfadjoint operators defined in the Weyl quantization by 
C"""- complex- valued quadratic symbols. When the real part of their Weyl symbols is a 

non-positive quadratic form, we point out the existence of a particular linear subspace 
in the phase space intrinsically associated to their Weyl symbols, called a singular 
space, such that when the singular space has a symplectic structure, the associated 
heat semigroup is smoothing in every direction of its symplectic orthogonal space. 
When the Weyl symbol of such an operator is elliptic on the singular space, this 
space is always symplectic and we prove that the spectrum of the operator is discrete 
\ and can be described as in the case of global ellipticity. We also describe the large 

time behavior of contraction semigroups generated by these operators. 
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1. Introduction 



1.1. Miscellaneous facts about quadratic differential operators. Since the 
classical work by J. Sjostrand [II] . the study of spectral properties of quadratic 
differential operators has played a basic role in the analysis of partial differential 
operators with double characteristics. Roughly speaking, if we have, say, a clas- 
sical pseudodifferential operator p(x,£) w on R™ with the Weyl symbol p(x, £) = 
Pm(X:Q + Pm-i{ x i0 + ■ ■ • °f order m, and if X = (£oj£o) G H^ 2 ™ is a point where 
. p m {Xo) = dp m (X ) = then it is natural to consider the quadratic form q which 

begins the Taylor expansion of p m at Xq. The study of a priori estimates for p(x,£) w , 
C**"* . such as hypoelliptic estimates of the form 



||u|L-i<Ck (||Kz,0^llo + IM| m -2), ueCS°(K), KccW 1 , 

then often depends on the spectral analysis of the quadratic operator q(x,£) w . See 
also [6], as well as Chapter 22 of [7] together with further references given there. 



In [IT], the spectrum of a general quadratic differential operator has been determined 
under the basic assumption of global ellipticity of the associated quadratic form. 

Now there exist many situations where one is naturally led to consider non-selfad- 
joint quadratic differential operators whose symbols are not elliptic but rather satisfy 
certain weaker conditions. An example particularly relevant to the following discus- 
sion is obtained if one considers the Kramers-Fokker-Planck operator with a quadratic 
potential [3]. The corresponding (complex- valued) symbol is not elliptic, but never- 
theless, the operator has discrete spectrum and the associated heat semigroup is well 
behaved in the limit of large times — see [I]. 

The purpose of the present paper is to provide a proof of a number of fairly general 
results concerning the spectral and semigroup properties for the class of quadratic 
differential operators in the case when the global ellipticity fails. Specifically, and as 

i 
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alluded to above, we shall consider the class of pseudodifferential operators defined 
by the Weyl quantization formula, 

(1.1.1) q(x,O w u(x) =*J e«*-vKq(^ i zy(y) d y d t i 

for some symbols q(x,£), where (x,£) £ R™ x R" and n £ N*, which are complex- 
valued quadratic forms. Since the symbols are quadratic forms, the corresponding 
operators in Ql. 1.1)1 are in fact differential operators. Indeed, the Weyl quantization 
of the quadratic symbol x a ^ , with {a, pi) £ N 2 ™ and \a + j3\ < 2, is the differential 
operator 

2— — x - , D x = i l d x . 

Let us also notice that since the Weyl symbols in (|l.l.ip are complex-valued, the 
quadratic differential operators are a priori formally non-selfadjoint. 

In this paper, we shall first study the properties of contraction semigroups gener- 
ated by quadratic differential operators whose Weyl symbols have a non-positive real 
part, 

(1.1.2) Re<?<0. 

Our first goal is to point out the existence of a linear subspace S in R™ x R?, which 
will be called the singular space and which is defined in terms of the Hamilton map 
of the Weyl symbol q, such that when S has a symplectic structure, the associated 
heat equation 

(113) | ^(t,x)-q(x,Z) w u(t,x)=0 

I u(t,-)\ t=0 = u Q £ L 2 (R n ), 

is smoothing in every direction of the orthogonal complement S , °'" L of S with respect 
to the canonical symplectic form a on R 2n , 

(1.1.4) a((x, 0, (y, rj)) = t.y - x.rj, (x, £ R 2n , (y, rf) £ M 2 ". 
We shall also describe the large time behavior of contraction semigroups 

e M*,C w , t > 0, 

associated to (|1.1.3|) . When the Weyl symbol q satisfies Ql. 1.2)1 and an assumption of 
partial ellipticity, namely when q is elliptic on the singular space S in the sense that 

(1.1.5) q(x,£)=0=>(x,0=0, 

then S is automatically symplectic, and we prove that the spectrum of the quadratic 
differential operator q(x,£) w is only composed of a countable number of eigenvalues 
of finite multiplicity, with its structure similar to the one known in the case of global 
ellipticity [TT] , 

It seems to us that the singular space S introduced in this paper plays a basic r6le 
in the understanding of non-elliptic quadratic differential operators. Its study may 
therefore be also particularly relevant in the analysis of general pseudodifferential 
operators with double characteristics, when the ellipticity of their quadratic approxi- 
mations fails. 

Before giving the precise statements of these results, let us begin by recalling some 
facts and notation about quadratic differential operators. Let 

q : R; 1 x M.^ -> C 

(x,£) i-> q(x,g), 
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be a complex- valued quadratic form with a non-positive real part, 

(1.1.6) Re q(x, £) < 0, (x, £,) £ M 2n , n e N*. 

We know from [8j (p. 425) that the maximal closed realization of the operator q(x, £) w , 
i.e., the operator on L 2 (M. n ) with the domain 

{u e L 2 (R n ) : q(x,£) w u £ L 2 (R n )}, 

coincides with the graph closure of its restriction to 5(M™), 

q(x,o w ■ s(m. n )->s(w i ), 

and that every quadratic differential operator whose Weyl symbol has a non-positive 
real part, generates a contraction semigroup. The Mehler formula proved by L. Hor- 
mander in [8] gives an explicit expression for the Weyl symbols of these contraction 
semigroups. 

Associated to the quadratic symbol q is the numerical range £((?) defined as the 
closure in the complex plane of all its values, 

(1.1.7) £(<?) = g(R« x K"). 

We also recall [7] that the Hamilton map F £ M 2 „(C) associated to the quadratic 
form q is the map uniquely defined by the identity 

(1.1.8) q((x,0;(y,v))=<r((v,0,F(y,r ] )), (*, e R 2n , (y, rf) e K 2 ", 

where <?(•; •) stands for the polarized form associated to the quadratic form q. It 
follows directly from the definition of the Hamilton map F that its real part Re F 
and its imaginary part Im F are the Hamilton maps associated to the quadratic forms 
Re q and Im q, respectively. Next, {TTTi§ shows that a Hamilton map is always 
skew-symmetric with respect to a. This is just a consequence of the properties of 
skew-symmetry of the symplectic form and symmetry of the polarized form, 

(1.1.9) VX, Y £ K 2 ", a(X, FY) = q(X; Y) = q(Y; X) = a(Y, FX) = -a(FX, Y). 

Let us now consider the elliptic case, i.e., the case of quadratic differential operators 
whose Weyl symbols are globally elliptic in the sense that 

(1.1.10) (x, e R 2 ", q(x, = => (x, = 0. 

In this case, the numerical range of a quadratic form can only take very particular 
shapes. J. Sjostrand proved in [11J (Lemma 3.1) that if q is a complex-valued elliptic 
quadratic form on K 2 ™, with n > 2, then there exists z £ C* such that Re(zq) is a 
positive definite quadratic form. If n — 1, the same result is fulfilled if we assume 
besides that S(q) ^ C. This shows that the numerical range of an elliptic quadratic 
form can only take two shapes. The first possible shape is when £(<;) is equal to 
the whole complex plane. This case can only occur in dimension n = 1. The second 
possible shape is when T>{q) is equal to a closed angular sector with a vertex in and 
an aperture strictly less than 7r (see [10] for more details). 

We also know that elliptic quadratic differential operators define Fredholm opera- 
tors (see Lemma 3.1 in [6] or Theorem 3.5 in [11 j) . 

(1.1.11) q(x^) w + z:B^L 2 (R n ), 
where B is the Hilbert space 

(1.1.12) B = {u £ L 2 (M. n ) : q(x^) w u £ L 2 (R")} 

= {u £ L 2 {R n ) : x a D p x u £ i 2 (R") if \a + 0\ < 2}, 
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with the norm 

Hl= Yl \\ xaD U\lw 

\a+f3\<2 

Moreover, the index of the operator (jl.l.lip is independent of z and is equal to 
when n > 2. In the case n = l, the index can take the values —2, or 2. It vanishes 
as soon as S(q) ^ C. 

When S(g) ^ C, J. Sjostrand has proved in Theorem 3.5 of [11] (see also Lemma 3.2 
and Theorem 3.3 in [6]) that the spectrum of an elliptic quadratic differential operator 

q(x,tr :B^L 2 (R n ), 

is only composed of eigenvalues with finite multiplicity, 

(1.1.13) a(q(x,O w ) = { J2 (rA + 2fc A )HA):fc A GN}, 

Ae<j(F), 
-*Ae£( g )\{o} 

where F is the Hamilton map associated to the quadratic form q and r\ is the dimen- 
sion of the space of generalized eigenvectors of F in C 2 ™ belonging to the eigenvalue 
A e C. 

Let us also recall the result proved in [10] about contraction semigroups generated 
by elliptic quadratic differential operators whose Weyl symbols have a non-positive 
real part. This result shows that, as soon as the real part of their Weyl symbols is 
a non-zero quadratic form, the norm of contraction semigroups generated by these 
operators decays exponentially in time. 

In this paper, we study the case when the ellipticity fails. Our second result 
(Theorem ll.2.2p extends the description of the spectra (|1-1.13|) to the case of quadratic 
differential operators whose Weyl symbols are partially elliptic, but not necessarily 
globally so. To get this result, we only require that these symbols have a non-positive 
real part and are elliptic on their associated singular spaces. We also prove a result 
on the exponential decay in time for the norm of contraction semigroups generated 
by non-elliptic quadratic differential operators. 

Let us now define this singular space. The singular space S associated to the 
symbol q is defined as the following intersection of the kernels, 

(1.1.14) 5 = ( n Ker [ Re F ( im p y]) nM2 "> 

3=0 

where the notation Re F and Im F stands respectively for the real part and the 
imaginary part of the Hamilton map associated to q. Notice that the Cayley-Hamilton 
theorem applied to Im F shows that 

(ImF) t XeVect(l,..,(ImF) 2n - 1 X), X 6 R 2n , k G N, 

where Vect(X, (Im F) 2n ~ 1 X) is the vector space spanned by the vectors X, 
(Im F) 2n ~ 1 X, and therefore the singular space is actually equal to the following finite 
intersection of the kernels, 

2n-l 

(1.1.15) S = ( p| Ker[Re F(Im F) J ']) nl 2n 

3=0 

The subspace S obviously satisfies the two following properties, 

(1.1.16) (Re F)S = {0} and (Im F)S C S. 

We can now give the statements of the main results contained in this paper. 
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1.2. Statement of the main results. In the following statements, we consider a 
complex-valued quadratic form 

q : M" x R£ -> C, 

with a non-positive real part, 

(1.2.1) Re < 0, (z.f) G R 2 ", n G N*. 

and we denote by 5 the singular space defined in Q1.1.14|) or JTTTTT5]). 

Our first result states that when the singular space S has a symplectic structure, 
in the sense that the restriction of a to S is nondegenerate, the heat equation (|1.1.3|l 
associated to the operator q(x,£) w is smoothing in every direction of its orthogonal 
complement S , °'- L with respect to the canonical symplectic form in R 2n . 

Theorem 1.2.1. Let us assume that the singular space S has a symplectic structure. 
If (x',£') are some linear symplectic coordinates on the symplectic space S a± , then 
for allt>0,NeN and u G L 2 {W l ), 

(1.2.2) ((1 + \x'\ 2 + \Z'\ 2 ) N ) w e tq ( x & w u G L 2 (R"). 

Let us mention that the assumption about the symplectic structure of S is always 
fulfilled by any quadratic symbol q elliptic on S, i.e., 

(1.2.3) (x,$eS, q(x,Z) = 0=>(x,$=0. 

This assumption is therefore always fulfilled for elliptic quadratic differential opera- 
tors. We will see that it is also the case for instance for the Kramers- Fokker-Planck 
operator with a quadratic potential, which is a non-elliptic operator. 

When q is a complex-valued quadratic form with a non-positive real part veri- 
fying 1)1.2.3)1 . we can give another description of the singular space in terms of the 
eigenspaces of F associated to its real eigenvalues. Under these assumptions, the set 
of real eigenvalues of the Hamilton map F can be written as 

o-(F)nR = {X 1 ,...,X r ,-X 1 ,...,-X r }, 

with \j and Xj ^ ±\k if j ^ k. The singular space is then the direct sum of the 
symplectically orthogonal spaces 

(1.2.4) S = S Xl ® a± S x . 2 ® a± ... ® a± S K , 
where S\ j is the symplectic space 

(1.2.5) S Xj = (Ker(F - Xj) © Ker(F + A,-)) n R 2n . 

These facts will be proved in section 11.41 

Our second result deals with the structure of the spectra for non-elliptic quadratic 
differential operators. This result extends the description of the spectra (|1.1.13p 
proved by J. Sjostrand in [ll] (Theorem 3.5) for elliptic quadratic differential operators 
to the case of quadratic differential operators which are only partially elliptic. To get 
this description, we only require in addition to the assumption Ql.2.1)) the property 
of partial ellipticity Ql. 2.3)1 for their Weyl symbols. 

Theorem 1.2.2. If q is a complex- valued quadratic form with a non-positive real part 
and if q is elliptic on S, 



then the spectrum of the quadratic differential operator q(x,£) w is only composed of 
eigenvalues of finite multiplicity, 

(1.2.6) a(q(x,O w )={ (r A + 2fc A )HA):fc A eN} ; 

Aeer(F), 
-iAeC_U(S(g|s)\{0}) 

where F is the Hamilton map associated to the quadratic form q, r\ is the dimension 
of the space of generalized eigenvectors of F in C 2n belonging to the eigenvalue A G C, 

E(g| s ) = qJS) and C_ = {z G C : Re z < 0}. 

Since the singular space S is distinct from the whole phase space as soon as the 
real part of q is not identically equal to zero, Theorem 11.2.21 is a generalization of the 
result proved by J. Sjostrand for elliptic quadratic differential operators. 

Finally, we give a result concerning the large time behavior of contraction semi- 
groups generated by non-elliptic quadratic differential operators, which extends the 
result obtained by the second author in [10J. 

Theorem 1.2.3. Let us consider a complex-valued quadratic form 

?:^Xl"->C, nef, 

with a non-positive real part, such that its singular space S has a symplectic structure. 
Then, the following assertions are equivalent: 

(i) The norm of the contraction semigroup generated by the operator q(x,^) w 
decays exponentially in time, 

3M > 0,3a > 0,Vt > 0, \\e tq{x ' ir \\ C{L 2 } < M e - at . 

(ii) The real part of the symbol q is a non-zero quadratic form 

3(x ,^)eR 2n , Re q(x 0: to) + 0. 

(Hi) The singular space is distinct from the whole phase space S ^ R 2n . 

Since the assumption about the symplectic structure of the singular space S is 
always fulfilled when the symbol q verifies (| 1 . 2 .3|) , Theorem 11.2.31 is a generalization 
of the result proved in |10| for elliptic quadratic differential operators. 

Let us also notice that we cannot drop completely the assumption about the sym- 
plectic structure of the singular space. Indeed, let us consider the quadratic differential 
operator defined in the Weyl quantization by the symbol 

This operator is just the operator of multiplication by —x 2 , which generates the 
contraction semigroup 

e *iW u = e - tx \, t > 0, u G L 2 {W L ), 
whose norm is identically equal to 1, 

\\e tq{x ' i)W \\c{L*) = l, t>0. 

Remark. Let us mention that our proof will show in particular that when g is a 
complex- valued quadratic form on R 2n , n > 1, with a non-positive real part and a 
zero singular space S = {0}, then 

e tq(x,tr = e t9(^«) m n a + o a ( e - at ), t > o, 
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in the space C(L 2 ) of bounded operators on L 2 (M. n ), for any a > such that 

a(q(x,O w ) n {z 6 C : Rcz = -a} 
= { (r A + 2fc A )(-U) : fc A e N} n{z e C : Rcz = -a} = 0, 

Re(-iA)<0 

where n a stands for the finite rank spectral projection associated to the following 
eigenvalues of the operator q(x, £) w , 

a(q(x, njzeC: —a < Re z} 

= { (r\ + 2k x )(-i\) : k x e n} D {z E C : -a < Rez}, 

Ae<r(F), 

Re(-iA)<0 

where F is the Hamilton map associated to the quadratic form q and r\ is the dimen- 
sion of the space of generalized eigenvectors of F in C 2 ™ belonging to the eigenvalue 
A e C. 



Let us now explain the key arguments in our proofs of these theorems. 

1.3. Structure of the proof. Our main assumption about the symplectic structure 
of the singular space S fulfilled in the assumptions of all the three theorems allows 
us to find some symplectic coordinates in S a± and (&",£") in S such that the 
complex-valued quadratic form q verifying (|1.2.ip can be written as the sum of two 
quadratic forms with a tensorization of the variables and (x",£"), 

q = q\s + q\s*± , (x, = (x' , x"; ?, f") G R 2n , 
where the first quadratic form q\s is equal to 

q\s = iq\s, 

with q\s a real-valued quadratic form; and where the second quadratic form q\s°^- is 
a complex- valued quadratic form with a non-positive real part. This real part is not 
in general negative definite (unless the real part of q is). However, it follows from the 
definition of the singular space S that the average of the real part of the quadratic 
form q\s"± by the flow generated by the Hamilton vector field of its imaginary part, 

TT 

(Re q\ s <rx) T (X') = ±j\ e q\ s „x ( e tH ^s^ X')dt, T > 0, X 1 = (*',£'), 

is negative definite. Studying the contraction semigroup 
(1.3.1) e t?| s^, t > 0, 

generated by the operator q\g a ±, on the FBI-Bargmann transform side, we prove, 
using the averaging property just mentioned, that i|1.3.ip is compact and strongly 
regularizing for every t > 0. This compactness result is really the key point in our 
proofs of the three theorems, and their complete statements then follow from a small 
additional amount of work. 

1.4. Some examples. In this section, we prove that if a quadratic symbol q is elliptic 
on its singular space then the singular space always has a symplectic structure. We 
also check that this property is fulfilled for the Kramers-Fokker-Plank operator with 
a quadratic potential. 
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1.4.1. Partially elliptic quadratic differential operators. Let us consider the case of 
quadratic differential operators whose Weyl symbols are elliptic on their singular 
spaces. Let 

q:« n x xB£-*C, neW, 
be a complex-valued quadratic form, which is elliptic on its singular space S, 

(1.4.1) (^)eS, q(x,t) = 0=>(x,t)=0. 

We want to prove that 

2n-l 

S = ( pi Ker[Re F(Im F) J ']) nM 2 ™, 
j=o 

has a symplectic structure. This fact follows from some arguments similar to those 
used in [10] (Lemma 3). 

We can assume that S ^ {0} since the space {0} is obviously symplectic. Let us 
therefore consider Xq £ S \ {0}. We define 

f ei - X 

(L4 - 2) £1 = -r4xl Im ™* 

This is possible, since from (|1.1.8|l and (|1.1.16|) . we have 

Re q(X ) = a(X , Re FX ) = 0, 
and the ellipticity of q on S implies that 

Im q(X ) ^ 0, 

as X 6 5\{0}. By using the skew-symmetry of the Hamilton map Im F (see (|1.1.9p ). 
it follows that 

ff(ei,ei) =a( - (Im (/(Xo))- 1 ^ FX ,X ) = (Im q{X ))- 1 a(X ,lm FX ) = 1, 

which shows that the system (ei,£i) is symplectic. We get from (|1.1.16|l and (|1 .4.2|) 
that 

Vect(ei,£i) C S. 

If S = Vect(ei,ei), the singular space S is symplectic. If it is not the case, so that, 

5" j= Vect(ei,ei), 

we can continue our construction of a symplectic basis for S by considering 

Xi e S\ Vect(ei,ei) 

and 

(1.4.3) Xi = Xi + <r(Xi,Ei)ei - (r(Xi,ei)ei G 5\ Vect(ei,si). 

Let us set 

f e 2 = 

( 1A4 ) 1 e 2 = ^^(Im FXt + aQm FX^e^a - a(lm FXi, eiW), 

[ Im q(Xi) 

which is again possible according to (| 1 . 1 . 16|) and the assumption of ellipticity on S 
since 

Re q(Xi) = <r{X u Re FX X ) = 0, 

because X\ 6 5 \ {0}. Then, we can directly verify by using (| 1 .4.3|) and l|1.4.4p that 
(ex, e2, £i, £2) is a symplectic system. By using (| 1 . 1 . 16[) again, we get 

Vect(ei,e 2 ,£i,£2) C 5. 
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If S = Vect(ei, e2, £1, £2), then S is symplectic. If it is not the case, then 

S ^ Vect(ei,e 2 ,£i,£ 2 ), 

we can again iterate the preceding construction. After a finite number of such iter- 
ations, we obtain with this process a symplectic basis of S, proving its symplectic 
structure. 

Let us now consider a complex-valued quadratic form 

q: M™ x K£ -> C, n 6 N*, 

with a non-positive real part 

Re q < 0, 

such that l|1.4.ip is fulfilled and denote by F its Hamilton map. We know from 
Proposition 4.4 in j8j that the kernel Ker(F + A) is the complex conjugate of the 
kernel Ker(F — A) for every A <G K, and that the spaces 

Ker(F - A) Kev(F + A), 

where A £ M*, and Ker F, are the complexifications of their intersections with M 2 ™. 
Let us set 

(1.4.5) So = (Ker F) D R 2n 
and 

(1.4.6) S x = (Ker(F - A) © Ker(F + A)) n M 2n , 
for A G 1*. Proposition 4.4 in [8] also shows that 

Re F Kev(F ± A) = {0}, 
for all A 6 K. This implies that 

(1.4.7) (Re F)S X = {0} and (Im F)S X C S x , 
and proves in view of (| 1 . 1 . 15|) that for all Asl, 

(1.4.8) S x C S. 

If £ a{F) n M, this would imply that 5 ^ 0. Since from [fL~4~5l) . 

g (X)=a(X,FX) = 0, 

for all I G Soj the inclusion (|1.4.8p would then contradict our assumption of ellipticity 
on the singular space (| 1 .4. 1[) . This proves that the set of real eigenvalues of the 
Hamilton map F can be written as 

(1.4.9) a(F) n R = {Ai, A r , -A 1; -A,.}, 

with Xj ^ and \j ^ ±Afc if j ^ k. 

Let us now check that the spaces S\ d) j = 1, are symplectic. Let Xq be in 
Sxj such that for all Y G Sxj , 

a(X o ,Y) = 0. 
It follows that for all Y and Z in Sxj , 

<t{X ,Y + iZ) = 0, 

which induces that 

VX e Ker(F - Xj) © Ker(F + Xj), a(X ,X) = 0, 

because Ker(F — Xj) © Ker(F + Xj) is a complexification of Sxj ■ On the other hand, 
since X a e Sx^ , we have FA S Ker(i^ — Aj) © Ker(i^ + Aj), which implies that 

q(X ) =<j(X Qi FX q ) = 0. 
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We then deduce from the ellipticity of q on the singular space (|l,4.ip and i|1.4,8|l that 
X = 0, which proves the symplectic structure of the space S\ j . 

Let us now assume that there exists another real eigenvalue Xk of F distinct from 
Xj and —Xj. We already know that this eigenvalue Xk is necessarily non-zero. Let 

X G Ker(F - eiA,-) and Y e Ker(F - e 2 X k ), 

with ei, £2 € {±1}, we obtain from the skew-symmetry property of the Hamilton map 
F with respect to a that 

a(X,Y) = a(X,e^X^FY) = l —a{FX,Y) = -^ a (X,Y). 

Since 

eiXj 



£2Xk 

because Xj and Xk are real numbers such that Xk ^ {Xj, — Xj}, we finally deduce that 

a(X,Y) = 0, 

which proves that the spaces 5a ■ and S\ h are symplectically orthogonal, and we get 
from ((TT5)l and (gX9| that 

(1.4.10) 5 Al © CT± 5a 2 ® al - ... S Xr c 5. 

Let us prove that the singular space is actually exactly equal to this direct sum of 
symplectic spaces. We recall that from (|1.1.16|) . 

(Re F)S = {0} and (Im F)S C 5. 

Since 

q(X) = <r(X,FX) = ia(X,Im FX), X e 5, 

we deduce from l|1.4.ip and the lemma 18.6.4 in that we can find new symplectic 
basis (ei , e m , ii , e m ) in the symplectic space 5 such that 

m 

(1.4.11) q(X) = ie^2fij((% +Xj), X = xiei + ... + x m e m + £iii + ... +f m e m , 

where e S {±1} and (ij > for all j = 1, ...,m. Indeed, this is linked to the fact that 
a real-valued elliptic quadratic form must be positive definite or negative definite. By 
computing F from l|1.4.1ip . we get that 

(1.4.12) FXj = -efijXj and FXj = epLjXj, 

if Xj — Ej + iij and Xj — ej — ie~j for all j = 1, to. The identities (|1.4.12p prove 
that the singular space is actually equal to the direct sum of the symplectic spaces 
S Xj defined in (fTXH)) . 

5 = 5a 1 © 5a 2 © ... © S\ r . 

1.4.2. Kramers- Fokker- Planck operator with a quadratic potential. Let us consider the 
Kramers-Fokker-Planck operator [3] , 

K = -A v + ^-^+v.d x -(d x V(x)).d v , (x,v)eR 2 , 
with a quadratic potential 

V(x) = ^ax 2 , a 6 R*. 

We can write 
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with 

q{x, v, £, rj) = -rj 2 - -v 2 - i(v£ - axrj). 

This symbol q is a non-elliptic complex-valued quadratic form with a non-positive 
real part and a numerical range equal to the half-plane 

E(g) = {z G C : Re z < 0}. 

We can directly check that its Hamilton map F for which 

q(x, v, £, v) = <r({x, v, £, rj),F(x, v, £, 77)) , 

is given by 



F = 



/ 





-¥ 








\ 




\ai 








-1 













-\ai 




V 





1 
4 


1* 








and that the singular space 

3 

S = ( p| Ker[Re F(Im n M 4 , 

is reduced to the trivial symplectic space {0}. 

Acknowledgment. The research of the first author is supported in part by the 
National Science Foundation under grant DMS-0653275 and the Alfred P. Sloan Re- 
search Fellowship. He would also like to thank Joe Viola for a stimulating discussion. 

2. Symplectic decomposition of the symbol 

In this section, we explain how the main assumption about the symplectic structure 
of the singular space S fulfilled in the hypotheses of all our three theorems allows us 
to tensor the variables in the symbol q by writing it as a sum of two quadratic forms 
where the first one is purely imaginary-valued and where the second one verifies the 
averaging property of its real part by the flow defined by the Hamilton vector field of 
its imaginary part. 

Let us consider a complex-valued quadratic form q verifying l|1.2.ip and let us 
assume that the singular space S defined in ([1.1.15J1 is symplectic. Let us recall that 
it is well the case when q verifies l|1.2.3p . Then, we can find x, a real linear symplectic 
transformation of E 2 " , such that 

(2.0.1) (qo X )(x,t) = qi (x',a+^2(x",a, (*,o = (i^";r,neK 2n , 

where q\ is a complex- valued quadratic form on R 2n with a non-positive real part 
(2.0.2) Re gi < 0, 

and q2 is a real-valued quadratic form verifying the following properties: 

Proposition 2.0.1. The two quadratic forms q\ and 52 satisfy the following proper- 
ties: 

(i) For all T > 0, the average of the real part of the quadratic form qi by the flow 
defined by the Hamilton vector field of Im q\ , 

(Re qi) T (X') = qi{e tH ^X')dt, X' = G M 2 ' 1 ', 

is negative definite. 
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(ii) The quadratic form 

2n-l 

Re 9l ((Im F x yX'), X' = e K 2 "', 

3=0 

where F\ stands for the Hamilton map of qi , is negative definite, 
(in) If the symbol q fulfills an additional assumption of ellipticity on S, 

(2.0.3) (x, G S, q(x, = =► (a, - 0, 

then we can assume that 

71 

where e G {±1} awrf Aj > /or aZZ j = 1, n" . 

To prove these results, we begin by considering S a - L , the orthogonal complement of 
S in M. 2n with respect to the symplectic form and F the Hamilton map of q. The space 
S al - is symplectic because it is the case for S. Moreover, since according to Q1.1.16J1 . 
S is stable by the maps Re F and Im F, its orthogonal complement also fulfills these 
properties. Indeed, let X be in S ,<T± . By using l|1.1.16p and the skew-symmetry of 
any Hamilton map with respect to a, we get for all Y € S, 

a(Y, Re FX) + ia{Y, Im FX) = -cr(Re FY, X) - ia(lm FY, X) = 0, 

because (Re F)Y G S and (Im F)Y G S, This induces that for all Y G S, 

a(Y, Re FX) = a(Y, Im FX) = 0, 

and proves that (Re F)X G and (Im F)X G S a± . 

We can then write the phase space R 2 ™ as a direct sum of two symplectically 
orthogonal real symplectic spaces stable by the maps Re F and Im F, 

(2.0.4) R 2n = Si © CTi S 2 , (Re F)Sj C S j} (Im F)S j C S,-, 

for j G {1, 2} with 

(2.0.5) S ± = S al - and S 2 = S. 

Let us now consider a symplectic basis (eij, e^j, e\ t j, SNn,j) of Sj. By col- 
lecting these two bases, we get a symplectic basis of R 2 ™, which allows by using the 
stability and the orthogonality properties of the spaces Sj to obtain the following 
decomposition of q, 



<1{ 



1<J<2, l<i<2, 
Kk<Nj l<k<N< 



= a { ( x k,j e kj +Zkd s k,j),F( ^ (zk,jek,j+€k,j£k,j))^ 

l<i<2 l<k<JVi l<fc<JVj 

This implies that we can find symplectic coordinates 

where (x',£') and (&",£") are some symplectic coordinates in S^ 1 - and S respectively, 
such that 

(2.0.6) q(x,0= qi (x',e)+q 2 (x",e), 
with 

(2.0.7) qi(x', O = £'), ^U^ £')) 
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and 

(2.0.8) <&(*",£") = a((x",e),F\s(x",e)). 

Since from {TXT6| ; 

(Re F)S = {0}, 

the quadratic form q 2 is purely imaginary-valued and can be written as 

(2.0.9) q 2 = iq 2 , 

where q 2 is the real- valued quadratic form 

(2.0.10) h(x",f) =*{(x",e),lmF\ s (x",e)). 

When the additional assumption l|2.0.3p is fulfilled, this quadratic form q 2 must be 
elliptic on R 2 ™ . Since a real-valued elliptic quadratic form is necessarily a positive 
definite or negative definite quadratic form, we deduce from the lemma 18.6.4 in [7] 
that we can find new symplectic coordinates (x",^") in S and e G {±1} such that 

n" 

(2.0.11) q 2 (x",e)=^X j (^ 2 + xf), 

3=1 

where Xj > for all j — 1, ...,n". This proves (Hi) in Proposition 12.0.11 

Let us now study the properties of the quadratic form q%. We denote by F\ its 
Hamilton map 

(2.0.12) F X =F\ S ^, 
and define the following quadratic form 

2n-l 

(2.0.13) r(X') = 51 Re gi((Im FrfX'), X' = (x',£) £ S a± . 

3=0 

Since from l|1.2.ip . (|2-0.6[) and <|2.Q.9[) . Re q\ is a non-positive quadratic form, we 
already know that r is a non-positive quadratic form. We now prove that r is actually 
a negative definite quadratic form. Let us consider X' G S al - such that 

r(X' Q ) = 0. 

The non-positivity of the quadratic form Re q\ induces that for all j = 0, 2n — 1, 
(2.0.14) Re gi((Im Fx) 3 X'^) = 0. 

Let us denote by Re qi(X';Y') the polarized form associated to Re q\, We deduce 
from the Cauchy-Schwarz inequality, 1)1.1.8)1 and (|2.0. 14[) that for all j = 0, 2n — 1 

and Y' G S a± , 

|Re qi (Y'; (Im F^ X' )\ 2 = \<j(Y',Re F^Jm F^X^ 2 

< [-Re qi (Y')][-Re gi ((Im F^X^)] = 0. 
It follows that for all j = 0, ...,2n - 1 and Y' G S a± , 

<j(Y' , Re Fi(Im F^ X' ) = 0, 
which implies that for all j = 0, ...,2n — 1, 
(2.0.15) Re Fi(Im F^ X' = 0, 

because from (gU , (HOHl) and (|2.0.12p . Re Fi(Im F x y X' Q G S" 7 ^ and is a 
symplectic vector space. Since X' Q G S'' 7 ^, we deduce from Ql. 1.15)1 . (|2.0.4p . 1)2.0.50 . 
1)2.0.12)1 and (|2.0.15j> that X^ £ S D S a± = {0}, which proves that r is a negative 
definite quadratic form. This proves (ii) in Proposition 12.0.11 
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Remark. According to the previous proof, let us notice that the property (ii) implies 
that for all X G R 2 ™', X ^ 0, there exists j G {0, 2n - 1} such that 

(2.0.16) V < j < j - 1, Re F x (Im Fi) J X = 0, Re Fi(Im Fx) jo X ^ 0. 

Let us now prove that for all T > 0, the average of the real part of the quadratic 
form qi by the flow defined by the Hamilton vector field of Im qi , 

r-T 



(Re qi) T (X') = ^J^Re qx(e tH ^X')dt 



(2.0.18) -^(Re 9i(e tifl -iA^))| t=0 = H^Re q x (X' ) = 0. 



is negative definite. Let us notice that this flow is globally defined since the symbol 
Im qi is quadratic. Let us consider X' in R 2n such that 

(2.0.17) (Re qx) T {X' Q ) = 0. 

Since Re q\ is a non-positive quadratic form, it follows from (|2.0.17p that 

Re qi (e tH ^X ) = 0, 

for all —T <t<T. This implies in particular that for all k G N, 

d k 
dt k ' 

If X' 7^ 0, we deduce from (ii) that there exists jo G {0, 2n — 1} such that 
(2.0.19) V < j < j - 1, Re 9 i((Im F^Xfi - 0, Re 9l ((Im F^X^) < 0. 
Let us check that it would imply that 
(2.0.20) H^Beq^Xti^O, 

and contradict <|2.0. 18(1 . To prove (|2.0.20[) . we use some arguments already used in 
|10j together with the following lemma also proved in [10] . 

Lemma 2.0.1. If qi and q 2 are two complex-valued quadratic forms onR 2 ™, then the 
Hamilton map associated to the complex-valued quadratic form defined by the Poisson 
bracket 

_ dqi dq 2 dqi dq 2 

is — 2[Fi,F2] where [Fi,^] stands for the commutator of Fx and F 2 , the Hamilton 
maps of qi and q 2 ■ 

We deduce from the previous lemma that the Hamilton map associated to the 
quadratic form H^ qi Re q\ is 

(2.0.21) 4 JO [Im Fx, [Im Fx, [..., [Im F 1; Re Fx]...], 

with exactly 2jo terms Im Fi appearing in the formula. We can write 

(2.0.22) 4 JO [Im Fx, [Im Fx, [..., [Im Fi, Re Fx]...] 

= (- 1 ) J 9( Im FxYRe Fx(lm Fx) 2j °- j , 

3=0 

with Cj > for all j = 0, 2 jo. Indeed, by using the following identity 

[P, [P, Q]] = P 2 Q - 2PQP + QP 2 , 
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we can prove by induction that for all n e N*, there exist some positive constants 
d n ,j, 3 = 0, ...,2n such that 

[P, [P, [..., [P, Q]...] = (-l) j d n>j pjQP 2n - j , 
j=o 

if there are exactly 2n terms P in the left-hand side of the previous identity. It follows 
from (|2.0.2ip and (|2.0.22p that 

(2.0.23) H^ q Re q 1 {X( ) ) = (-iy°c jo a(X , (Im F^Re Fx(Im F^Xfi 

30-1 

+ E (-^VW. ( Im F i) JRe F i( Im ^i) 2j '°^'^o) 

3=0 
30-1 

+ E (-V^oVo-AXo, ( Im *i) 2 ^Re F x (Im F x )^). 

3=0 

Now on the one hand, 

a{X' Ql (Im Fi)'°Re F t {bn F^X'q) = (-iy°a((lm F^'X^Re F^Im F^X^) 

= (-iy°Re q 1 ((ImF 1 y°X[ ) ), 

by the skew-symmetry of the Hamilton map Im Fx. On the other hand, using H1.1.8J1 . 
(|2.0.19p . and the Cauchy-Schwarz inequality, we get 

\<t(X' q , (Im Fi^'Re F^Im F x ) 2 ^ X' Q )\ 

= |a((Im FxyX^Re Fx(lm Fx) 2 ^X' )\ 

= - Re 5 i((Im F x yX' 0] (Im Fx) 2j °- j X' ) 

< [-Re gi ((Im Fx) j X^[-Re g 1 ((Im Fx) 2 ^X^]i = 

and 

\a{X' , (Im Fx) 2j °~ j Re F x (Im F x )^)| 
= |a((Im FiJ^-^.Re F x (Im F x )^)| 
= - Re 5l ((Im Fxf^X'^ (Im Fx)^) 

< [-Re gi ((Im Fx) 2jo - j X^)}i[-Re qx((Jm Fx) j X' Q )fi = 
if j = 0, ...,j ~ 1- R follows from l|2.0.19p and l|2.0.23p that 

#i 2 m 9l Re <?i(*o) = c JO Re <?i((Im F x )*^) < 0, 
because Cj > 0. This proves l|2.0.20p and ends the proof (i). □ 

Remark. Let us notice that we have actually proved that the symbol q% has a finite 
order r, 

(2.0.24) 1 < t < An - 2, 

in every point of the set gi(R 2 ™ ) \ {0}. We recall that the order k(xo, £o) of a symbol 
p{x,£,) at a point (xo,£o) G K 2n (see section 27.2, chapter 27 in [7]) is the element of 
N U {+00} defined by 

(2.0.25) *(zo,&)=sup{ieZ:pi(a;o,6>) = 0, Vl< |7| < j}, 

where 7 = (ii, z 2 , ife) S {l,2} fc , |7| = k and stands for the iterated Poisson 
brackets 

Pi = H Pil H Pi2 ...H Piki p ik , 
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where p\ and P2 are respectively the real and the imaginary part of the symbol p, 
p = p\ + ip2 ■ The order of a symbol q at a point z is then defined as the maximal 
order of the symbol p = q — z at every point (xo, £o) 6 K 2n verifying 

p(xo,£,o) = <70o,£o) - z = 0. 

3. Proofs of the main results 

3.1. Heat semigroup smoothing for non-elliptic quadratic operators. In this 
section, we prove Theorem ll.2.11 Let us consider a complex- valued quadratic form 

g:R™ xR"^C, n e N* , 

with a non-positive real part 

Re q < 0, 

such that its singular space S has a symplectic structure. We recall that this assump- 
tion is actually fulfilled in the assumptions of Theorems 11.2. 1[ 11.2.21 and 11.2.31 since 
this singular space is always symplectic when the symbol is elliptic on S. 

We can then use the symplectic decomposition of the symbol obtained in section [H 
We deduce from l|2.0.ip and (|2.0.2p that there exists x, a real linear symplectic trans- 
formation of R 2 ™, such that 

(3.1.1) (qo X )(x,0 = «i(z',0 +iq2(x",0, (*,0 = € » 2n , 
where q\ is a complex-valued quadratic form on R 2n with a non-positive real part 

(3.1.2) Re qi < 0, 

and qi is a real-valued quadratic form verifying the properties stated in Proposi- 
tion 12.0.11 The key point in our proof of Theorems 11.2. 1^ 11.2.21 and 11.2.31 is to prove 
the following proposition. 

Proposition 3.1.1. Ifn' > 1, then the spectrum of the quadratic differential operator 
qi{x' ,£,') w is only composed of eigenvalues with finite multiplicity 

<j(qi(x',a W ) = { E (rA + 2fc A )HA) :k x gn}, 

Aeo-(Fi), 
Re(-iA)<0 

where Ft is the Hamilton map associated to the quadratic form q\ and r\ is the dimen- 
sion of the space of generalized eigenvectors of Fx in C 2 " belonging to the eigenvalue 
A G C. Moreover, the operator qi(x' , £') w generates a contraction semigroup such that 

e t<?i(z',«'r u e 5(R"'), 

for any t>0 and u G L 2 (R"'). 

Remark. It will be clear from the proof that Proposition 3.1.1 extends to the vector- 
valued case, so that if H is a complex Hilbert space and u G L 2 (R™ ; TL) then for any 
t > we have e^O'^Tu g S{W l ';H). 

Theorem 1 1 . 2 . 1 1 direct lv follows from Proposition 3.1.1 together with the preceding 
remark. Indeed, by using the symplectic invariance of the Weyl quantization given 
by the theorem 18.5.9 in [Jj, we can find a metaplectic operator U, which is a unitary 
transformation on L 2 (R") and an automorphism of <S(R") such that 

(3.1-3) (qo X )(x,0 W = U- 1 q(x,0 W U. 
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This implies at the level of the generated semigroups that 

(3.1.4) e %°x)(*,0 ra = U^e^-^U, t > 0. 
Since from the tensorization of the variables (|3.1.ip , 

e t{qox)(x,i) m — e tqi{x' e itq 2 (x" ,(,")"' 

we directly deduce from <|2.0.7|) , l|3.1.4p , Proposition 13.1.11 together with the following 
remark, and the symplectic invariance of the Weyl quantization that if {x' , £') are 
some symplectic coordinates on the symplectic space S al - then for all t > 0, N £ N 

and u £ L 2 (R") = L 2 (R n ' ; L 2 {R n ")), we have 

((1 + \ x '\ 2 + |^|2 fy e t q {^r u e L 2 (ffin)j 

which proves Theorem ll.2,11 

Let us now prove Proposition 13.1.11 For convenience, we drop the index and we 
consider a complex- valued quadratic form 

q:W x xI^C, neN*, 

with a non-positive real part 

(3.1.5) Re q < 0, 

such that for all T > 0, the average of the real part of the quadratic form q by the 
flow defined by the Hamilton vector field of Im q, 

(3.1.6) (Re q) T (X) = ± J Re q(e tH *°*X)dt, X = (x,t) E R 2n , 

is negative definite. We also know from (|2.0.16fl that for all X £ E 2 ™, X ^ 0, there 
exists jo £ N verifying 

(3.1.7) V < j < j - 1, Re F(Im F) j X = 0, Re F(Im F) jo X j= 0, 

if F stands for the Hamilton map of the quadratic form q. 
Let us denote by 

(3.1.8) Q = q(x,O w , 

the quadratic differential operator defined by the Weyl quantization of the symbol q. 
When proving Proposition 13.1.1] we shall work with the metaplectic FBI-Bargmann 
transform 

(3.1.9) Tu(x) = C [ e Mx - v) u{y)d yi x £ C", C > 0, 
where we may choose 

V{x,v) = t;(x - y) 2 , 

as in the standard Bargmann transform. Other quadratic phase functions ip such that 
Imtp'yy > and det^"^ ^ 0, are also possible (see section 1 of [H]). It is well known 
that for a suitable choice of C > 0, T defines a unitary transformation 

T : L 2 (« n ) -> i?$ (C 11 ), 

where 

(3.1.10) #4> (C") = nol(C n )nL 2 (C n ,e- 2 ^ x) L(dx)), 
with 

1 2 

® {x) = sup -lm.(p(x,y) = - (Imi) , 
and L(dx) being the Lebesgue measure in C™. 
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Remark. Let us recall (see, e.g. section 3 of [T5]) that the same definitions apply in 
the vector-valued case, so that we have a unitary operator 

T : L 2 (R n ;H) -> iJ$ (C n ;H), 

where H is a complex Hilbert space. 

We recall next from [14] that 

(3.1.11) TQu = Q Tu, u e S(R n ), 

where Qo is a quadratic differential operator on C" whose Weyl symbol qo satisfies 

(3.1.12) qo ° k t = q- 
Here 

(3.1.13) k t : C 2 " 3 (y, -<p' y (x, y)) -> (z, <^(z, y)) e C 2 ", 

is the complex linear canonical transformation associated to T. From [14], we recall 
next that if we define 

(3.1.14) A $0 = {(a, |^(a;)) :xeC 1 }, 
then we have 

(3.1.15) A$ = k t (M 2 "). 
When 

n 

a = d^j A dxj , 
i=i 

is the complex symplectic (2,0)-form on C 2n = C" x C^, then the restriction ca 9! , of 
a to A$ is real and nondegenerate. The map Kt in <|3. 1 - 13(1 can therefore be viewed 
as a canonical transformation between the real symplectic spaces ]R 2n and A$ . 

Continuing to follow [14], let us recall next that when realizing Q as an unbounded 
operator on if$ (C n ), we may use first the contour integral representation 

Q oU {x) = -±-f e ^y)%J^±y 7 e)u(y)dyd8, 

and then, using that the symbol go is holomorphic, by a contour deformation we 
obtain the following formula for Q as an unbounded operator on _ff$ (C™), 

(3.1.16) Q u( x ) = -±-[ e i{*-y>8 q J^ + y,e\ u ( y)dyd e : 
for any t > 0. 

We shall now discuss certain IR-deformations of the real phase space R 2n , where 
the averaging procedure along the flow defined by the Hamilton vector field of Im q 
(see l|3.1.6p ) plays an important role. To that end, let G = Gt be a real-valued 
quadratic form on R 2 ™ such that 

(3.1.17) H Imq G= -Req+(Req) T - 
As in [5], we solve l|3.1.17p by setting 

(3.1.18) G{X) = J k T (t)Req(e tHl ^X)dt, 

where hr(t) = k(t/2T) and k € C(R\{0}) is the odd function given by 
k(t) = for |i| > i and k'{t) = -1 for < \t\ < ^. 
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Let us notice that k and kr have a jump of size 1 at the origin. Associated with G 
there is a linear IR-manifold, defined for < e < Eq, with e > small enough, 

(3.1.19) A eG = e ieH °(R 2n ) C C 2 ", 

where e G stands for the flow generated by the linear Hamilton vector field ieHq 
taken at the time 1. It is then well-known and easily checked (see, for instance, 
sections 3 and 5 in [4]), that 

(3.1.20) k t {K eG ) = A ie := { (x, ?^0*0) : x 6 C"}, 

where $ e is a strictly plurisubharmonic quadratic form on C™, such that 

(3.1.21) $ e (a:) = <Pn(x) + eG(Rex, -1m x) + 0{e 2 \x\ 2 ). 

Associated with the function $ 6 is the weighted space of holomorphic functions 
if I, (C™) defined as in l|3.1.10p . The operator Qo can also be defined as an unbounded 
operator 

Q : H^(C n ) ^ H ie (C n ), 
if we make a new contour deformation in ([3. 1 . 16|) and set 

(3.1.22) Q u(x) = -±-[ _ e i{*-y)e q J^±y,e)u{y)dyd6, 

for any t > 0. By coming back to the real side by the FBI-Bargmann transform, 
the operator Qo can be viewed as an unbounded operator on L 2 (R") with the Weyl 
symbol 

(3.1.23) q(X) =q(e l£Ha X), 

and here the real part of this expression is easily seen to be equal to 

Re q(X) = Re q(X) + eH lmq G{X) + 0(e 2 \X\ 2 ). 

It follows therefore from (|3.1.5fl , (|3.1.17p and the assumption that the quadratic form 
H3.1.6J1 is negative definite, that 

(3.1.24) - Re q{X) > ^ \X\ 2 , C > 1, X e R 2n , 

for < e <C 1. We may therefore apply Theorem 3.5 of [TT] to the operator Q viewed 
as an unbounded operator on H^^(C n ). 

Lemma 3.1.1. Let us consider Qq as an unbounded operator on H^^(<C n ), for < 
£ < Eo, with £q > sufficiently small. The spectrum of the operator Qo is only 
composed of eigenvalues with finite multiplicity 

(3.1.25) <KQo) = { (r x + 2k x )(-i\): k x e n}, 

Xecr(F), 
Re(~i\)<0 

where F is the Hamilton map associated to the quadratic form q and r\ is the dimen- 
sion of the space of generalized eigenvectors of F in C 2n belonging to the eigenvalue 
\ G C. 

To get the statement of this lemma, it suffices to combine Theorem 3.5 of |llj 
together with the observation that the Hamilton maps F and F of the quadratic 
forms q and q, respectively, are isospectral since from (|3.1.23|1 the symbols q and q 
are related by a canonical transformation. 
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Having determined the spectrum of Qo in the weighted space H$ (C n ), < e <C 1, 
we now come to the proof of Proposition l3. 1 .11 In doing so, we shall study the spectral 
properties of the holomorphic quadratic differential operator Q acting on H<s> (C n ). 

We shall consider the heat evolution equation associated to the operator Q . Let 
us notice explicitly that we got this idea by studying Remark 11.7 in [4], and indeed, 
the following argument can be seen as a natural continuation of some ideas sketched 
in that remark. Using Fourier integral operators with quadratic phase in the complex 
domain, we may describe the heat semigroup e 1 ®" for < t < t , when to > is small 
enough. More precisely, we are interested in solving 

{On 
— (t,x) - Q u(t,x) = 
u(V)|t=o=uoe.ff* (C n ). 

Let tp(t,x,r]) be the quadratic form in the variables x, rj, depending smoothly on t, 
< t < to <C 1, and solving the Hamilton- Jacobi equation 



dip 



(t, x,rj)-q (x, (t, x,Tf)j =0 
<p(t,x,rj)\ t =o =x-rj. 



We know that for < t < to <C 1, ip(t, x, rf) can be obtained as a generating function 
of the complex canonical transformation 



qo ■ (<p' v (t,x, , n),'n) >-> (x,<p' x ( t > x > T )))' 

Then for t > small enough, the operator e tQo acting on H^ {<C n ) has the form 

1 



e tQa u 



(2?r)' 



J( V (t,x, v )-yr,) a ^ Xi y ^ v )u(y)dy drj, 



where a(t, x, y, rj) is a suitable amplitude which we need not specify here, and, follow- 
ing the general theory of [12], we take T x to be a suitable contour passing through 
the critical point of the function 

(y, rj) i-> -lm(ip(t, x,rj)-y- rj) + $ (y). 

We then know from the general theory that the operator e*^ is bounded 

(3.1.26) e tQo : H$ (C n ) H$ t (C n ), 



where <i>t is a strictly plurisubharmonic quadratic form on 
on t, such that if 



l , depending smoothly 



(3.1.27) 

then 

(3.1.28) 



A$ t = exp (tH_ 



1 90. 



(A* ). 



Here, when / is a holomorphic function on C 2 " =CJxC 
Hamilton field of /, of type (1,0), given by the usual formula 



Hf is the standard 



.--[\dZjdXj dxjd^j 



and Hf = Hf + Hf is the corresponding real vector field. 
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It follows from the classical Hamilton- Jacobi theory applied with respect to the 
real symplectic form Imcr, where 

n 

a = d£j A dxj , 

is the complex symplectic (2,0)-form on C 2 ™, that the quadratic form <&(i, x) = $t(ar) 
introduced in <|3.1.26|> . satisfies the eikonal equation 



(3.1.29) { dt 



— (t,x)-Re q (x,- — (t,x 



2 9$ 



i dx 



$(*,•) k=o = *o- 

See also [13] for a detailed (and much more general) discussion of this point. 
Instrumental in the proof of Proposition 13.1.11 is the following result. 

Lemma 3.1.2. For each Tq > small enough, there exists a = a(Tb) > such that 

(3.1.30) ®T (x) < $o(x) - a \x\ 2 , x G C". 

Once Lemma 13.1.21 has been established, it is easy to finish the proof of the first 
result in Proposition 13. 1.11 Indeed, elementary arguments together with <|3. 1 . 10|) and 
(|3.1.30|) show that the natural embedding H^ t (C n ) -> ff$ (C") is compact for t > 
small, and hence by using the semigroup property, we deduce that the semigroup 

(3.1.31) e tQo :i^ (C l )^ff$ (C"), 

is compact for each t > 0. An application of Theorem 2.20 in [2] then shows that the 
spectrum of the operator Qo acting on H$ (C n ) consists of a countable discrete set 
of eigenvalues each of finite multiplicity. 

When deriving the explicit description of the spectrum of Qo on if$ (C™) , we argue 
in the following way. Let us assume that A S C is an eigenvalue of Qo on if$ (C n ) 
and let uq € Hq, (C n ) be a corresponding eigenvector, 

Q u = \u . 

We deduce from (|3.1.26p that 



and since 



e tQo u G H* t (C n ), 



e tQo u = e tx u , 



it follows from Lemma f3 . 1 .21 that 

«oefr 4o _ ff | x , a (c*), 

for some S > 0. In particular, we obtain from (|3. 1 . 2 1[) that uq G (C™) for e > 
small enough, and hence that A is in the spectrum of the operator Qo acting on 
H$ (C n ), which has been described in Lemma 13. 1.11 

On the other hand, if A is in the spectrum of Qo acting on (C") and uo G 
(C n ) is a corresponding eigenvector, with e > sufficiently small, then we have 

e tQ °u = e tX u £H iet (C n ), 

where <& e . t is a quadratic form on C™ depending smoothly on t > and e > 0, for e 
sufficiently small, which satisfies the eikonal equation i|3.1.29p along with the initial 
condition 

$ e ,t(x)\ t =o = $s{x). 
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It follows from i|3.1.2ip and <|3.1.29[1 that 

$ £lt (z) = <S> t {x) + 0{e\x\ 2 ), 

where the implicit constant is uniform in < t < t , for t > small enough. By 
taking T > small enough but fixed such that < T < t and l|3.1.30p holds, we 
get 

UQ = e~ T « x e T ^u Q e H ieTQ (C n ) = H^+o^ (C n ). 
In view of p.l.30p . we can choose £o > small enough such that for all < s < eo, 

where 5 is a positive constant. It follows that A is also in the spectrum of the operator 
Qo acting on H^, (C n ). Altogether, this shows that the spectrum of Qo acting on 
H$ n (C n ) is equal to the spectrum of Qo acting on (C™), for e > sufficiently 
small, and furthermore, that the algebraic multiplicities agree. We have therefore 
identified the spectrum of Qo on H^, (C n ) and also the spectrum of the operator Q 
on L 2 (M. n ) by coming back to the real side. 

Remark. In the argument above we have worked with the eigenfunctions of the op- 
erator Qo acting on (C n ) for some sufficiently small but fixed e > 0. It may be 
interesting to notice that the (generalized) eigenfunctions of the operator Q do not 
depend on e > 0, for < e < £o, with e > small enough. See also Remark 11.7 
in [4]. While refraining from providing a detailed proof of this statement, let us men- 
tion that its validity relies crucially upon the fact that the quadratic symbol go is 
elliptic on Aj , < s < £o- In the terminology of [12J, this is an instance of the 
principle of non-characteristic deformations. 

We shall now prove Lemma l3.1.21 Integrating i|3.1.29p for t = to t = T, we obtain 



f T r / 2 9$ 
$ T (x) - $oO) = J Re\q (x,- — (t,x) 



dt, T > 0. 



Here the integral in the right hand side is a real- valued quadratic form on C", and 
Lemma 15. 1.21 is implied by the claim that it is negative definite. When proving the 
claim, we shall use the following general relation, explained for instance in [9], 

(3.1.32) H if = HZ^f, 

valid for a holomorphic function / on C 2n . 

It follows from p.l.32p that Re qo is constant along the flow of the Hamilton vector 
field 

H ~ilo ~ H -Re qo - 

We therefore deduce from (|3X5l) . (|3.1.12[) . (|3. 1.15ft and l|3.1.28p that 

(3.1.33) Re[<7oLuJ < 0. 

According to p.l.27p . the equation l|3.1.29p implies therefore that 

so that the function 

1 1-» $ t (x), 

is decreasing. Let us assume that there exists xq G C" , xq ^ 0, such that 



T 



Re 



/ 2 9$ , 



dt = 0. 
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Since from (|3. 1 . 27|) and (|3.1.33|l . the integrand is non-positive, it follows that for all 

< t < T, 

2<9$ 



(3.1.34) 



Re 



( 1 a ® , \ 



0. 



Therefore, in view of (|3.1.29|) . we get 

d<f> 
~dt 

for all < t < T. Here, the quadratic form 



(t,x Q ) = Q, 



f t (x) = —(t,x) 



Re 



'io 



f 2 <9$ . . 



<0, 



is non-positive and such that ft(%o) — for all < t < T. It follows that 

VRex,Imx/t(a;o) = 0, 

for all < t < T, and therefore 



dft, . 3 2 $ 



0, 



for all < t < T. Hence the function 



t i 



<9$ 

dx 



does not depend on t for < t < T, so that 

9$ 



(3.1.35) 



(9.T 



for all < t < T. Since from (|3.1.27j> . the point 

2 3$ 



(3.1.36) 



(*d,-t^(*,*d)J = ( 



belongs to A$ t for all < t < T, we obtain from (|3.1.14p and l|3.1.28p that there 
exists yo(t) s C™ such that 



(3.1.37) 



2 9$ 



■' o, 7"^(*' x °)) = ex P( < - ff -i 90 )(^°( < )' ~ 



2 9$ 



2/o(*))). 



It follows from (|3.1.34|) that for all < t < T, 

( 2^$, 
' V ' ~i~dx~ 



(3.1.38) 



Re 



= Re 



'7o 



/ , . 2 <9$ / , ^ 



= 0, 



because Re go is constant along the flow of the Hamilton vector field 



= H 



-Imo" 



f«3o •* — Reijo' 

Let us now set 

(3.1.39) L = {X 6 A* : Re[q {X)} = 0}. 

We can notice by using similar arguments as in (|2.0.14p and (|2.0.15j) that 

{X € M. 2n , Re q{X) = {)} = Ker(Re F) n M 2n , 

for any complex-valued quadratic form q with a non-positive real part if Re F is the 
Hamilton map of the quadratic form Re q. We therefore deduce from (|3. 1 . 12|1 and 
(|3.1.15p that 



(3.1.40) 



L a = K T (Ker(ReF) n: 
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We get from H3.1.14P . A3. 1.361) . (13.1.37L (13.1.38D . (13.1.3911 and A3. 1.4011 that 

(3.1.41) ^ ( t ),__^( 2/0 (t))j =ex p(tif iM )^ ,T-^(a ; o)J ei , 
for all < £ < T, and therefore 

(3.1.42) ReF^^exp^^)^, J^(aro)))) -0, 
for all < t < T. In view of (|3.1.14|) and (|3.1.15|l . we may write 

(3.1.43) (x , ?^(^o)) = kt(X ), 

for some X £ R 2n , X ^ because xo ^ 0. We can now deduce from (|3.1.7p that 
there exists an integer m £ N such that 

(3.1.44) ReF (lmF) j X = 0, < j < m, 
while 

(3.1.45) ReF(ImF) m X ^ 0. 

On the other hand, we get from <|3.1.42p and l|3.1.43p that 

(3.1.46) ReFfa 1 (H^ o ) i i*r{X ))=0, 

for all j£N because go is a quadratic form. We shall establish the following result. 
Lemma 3.1.3. For all < j < m, we have 

(i^)V(Xo) = (<::;: )V(*o). 



Proof. When proving this lemma, we shall argue by induction with respect to j, and 
start with the case j — 0, which is of course fulfilled. Let us recall from (|3.1.4ip 
and (|3.1.43p that kt{X$) £ Lq, and notice that, as recalled for example in section 11 
(Remark 11.7) in |4j (see also [9]), we have at the points of Lq, 



Hi 



Im go ' 



(3.1.47) 

Let us now check that for all < j < m — 1 , 

(3.1-48) {hZ^Y V(*o) e L Q . 

Let us consider < j < m — 1 and notice from (|3.1.12|) that 

i (T 

(3.1.49) K T {H lm q )Kj l = H ln 

Since a direct computation using l|1.1.8p shows that 



Im q ' 



(3.1.50) 



H Im q = 21m F, 



we obtain by using [fTX8|) . (|3.1.12[1 . p.l.44p and <|3.1.49|) that 



Re 



3o((C1°)^t(X )) 



= Re 



q ( KT H((X )) 



= Req(2 j {lmFyX ) = 2 2j cr((Im FyX ,Re F(Im F) j X ) = 0, 

for any < j < m — 1. Thus we have verified l|3.1.48p . and by an application of 
(|3.1.47p . we get that for all < j < m - 1, 



2.5 



if 

(H^ o y KT (x ) = (fC*°)V(*o). 

This proves by induction Lemma T3. 1.31 □ 

It is now easy to finish the proof of Lemma 15. 1.21 By using (|3.1.46p when j = m, 
<|3.1.49|> . H3.1.50P and applying Lemma l3~l~3l we get 

= RcF( K ^(HZZ ) m «r(X )) = ReF(H^ q X ) = 2 m ReF(lmF) m X Q , 

which contradicts (|3. 1 .45|) and completes the proof of Lemma 13.1.21 

Let us finally notice that the semigroup e t<3 , t > 0, is strongly regularizing on 
L 2 (R"). We actually deduce from (|3.1.26p . i|3.1.30p and the fundamental property of 
semigroups that for all t > 0, there exists 5 > such that 

V«eif* (C«), e*«o u e if $o _ 5|x|3 (C"), 

on the FBI transform side. By using the fact that a holomorphic function U on C n 
is of the form Tu for some u G <S(R n ), if and only if 

VJVeN, / If/^fe-^W^L^) < +oo, 

(see for instance [B]) we finally obtain that 

Vt > 0,Vu G L 2 (R"), e* Q w G SQfT), 
which ends the proof of Proposition 13.1.11 

3.2. Large time behavior of contraction semigroups. In this section, we prove 
Theorem ll.2,31 Let us consider a complex- valued quadratic form 

q: M™ x R£ -> C, n £ N*, 

with a non-positive real part 

Re 9 < 0, 

such that its singular space 5 has a symplectic structure. 

Let us assume that the real part of the symbol q is a non-zero quadratic form 

3X e R 2 '\ Re q(X ) ± 0. 

This implies that the singular space is distinct from the whole phase space S M 2n 
because from [|1.1.8p and fTXTjl) , 

VX e S, Re q(X) = a(X, Re FX) = 0. 

It proves that (ii) implies (Hi) in Theorem ll.2.31 

Let us now assume that S ^ R. 2 ™ and prove (i). We deduce from (|2 .0. 1|) and <|2.0. 7[) 
that there exists x, a real linear symplectic transformation of R 2 ™, such that 

(3.2.1) (q o X )(x, = qi (x', O + iq 2 (x", C), (x, = (x', x"; ?, f) G R 2n , 

where q\ is a complex- valued quadratic form on R 2 ™ , n' > 1, with a non-positive 
real part and q 2 is a real-valued quadratic form verifying the properties stated in 
Proposition l2.0.11 By using the symplectic invariance of the Weyl quantization given 
by the theorem 18.5.9 in [7], we can find a metaplectic operator U, which is a unitary 
transformation on L 2 (R") and an automorphism of 5(R n ) such that 

(q°X)(x,0 W = U- 1 q(x,O w U. 
This implies at the level of the generated semigroups that 

e t(qo X )(xA) w = XJ- x e tq ( x & w U, t > 
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and 

(3.2.2) \\e t{qox)(x - ir \\c(Li) = He^Hk^), t > 0, 

because U is a unitary operator on L 2 (R"). Since both operators iq2(x",£") w and 
—iq2{x",C) w generate contraction semigroups verifying 

^ e tiqi(x" _ e t(-iq2(x",£") w ) ^ ^ > q 

the semigroup e 1 * 92 ^ ' is unitary for all t > 0, It follows from the tensorization 
of the variables (|3.2.1[) . 

and I3T2]) that 

||e t?(x '« r ||£(^) = ||e t9l(x '^ r |k (i2 ), t>0. 

For proving (i), it is therefore sufficient to prove the exponential decay in time for 
the norm of the contraction semigroup generated by the operator qi(x',^') w . We 
have proved in Proposition 13.1.11 (see also l|2.0.7p ) that the spectrum of the operator 
qi(x / ,^') w is only composed of the following eigenvalues 

(3.2.3) o( qi (x',O w ) ={ (rA + 2fc A )HA):fc A eN}, 

Re(-iA)<0 

where F\ — F\ s *± is the Hamilton map associated to the quadratic form q\ and r\ 
is the dimension of the space of generalized eigenvectors of F\ in C 2n belonging to 
the eigenvalue A e C. We have also seen in the proof of Proposition 13.1.11 that the 
contraction semigroup generated by the operator qi{x\^') w is compact for all f > 0. 
We proved this fact in (|3.1.31|) on the FBI transform side. This allows us to apply 
Theorem 2.20 in [2] to obtain the following description of the spectrum, 

e^W) = {0 } u {e** : » € afatf ,?)«)}. 
Its spectral radius is therefore given by 

(3.2.4) rad(e tqi{x ''t' )w ) = e" 11 ', 
where 

(3.2.5) a = inf{ ^ (r A + 2k x ) ( - Re(-iA)) : k x e n}. 

Aeo-(Fi), 
Re(-iA)<0 

It follows that the constant a is positive. Since from Theorem 1.22 in [2], we have 
-a= lirn ~ log || e ^'.«T || £(La) , 

we obtain that there exists M > such that 

(3.2.6) lle'^^'Hl^) <Me-t 4 , 

for all t > 0. This proves that (in) implies (i). Finally, the fact that (i) implies (ii) is 
a consequence of a property that we have already mentioned, namely, when the real 
part of the symbol q is identically equal to zero then the contraction semigroup 

is unitary for alH > 0. This ends the proof of Theorem ll.2.31 □ 
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3.3. Spectra of non-elliptic quadratic operators. In this section, we prove The- 
orem 11.2.21 Let us consider a complex- valued quadratic form 

g:R£ xI^C, n E N* , 

with a non-positive real part 

Re q < 0, 

which is elliptic on its singular space S, 

(3.3.1) (i,OeS, q(x,0 = 0^(x,0=0. 

Let us recall that this assumption of partial ellipticity on the singular space ensures 
that the singular space has a symplectic structure. We can therefore resume the 
beginning of our reasoning explained in section 13.11 

By using the symplectic decomposition of the symbol obtained in section [21 we 
deduce from l|2.0,ip and <|2.0.2[) that there exists %, a real linear symplectic transfor- 
mation of R 2 ™ , such that 

(3.3.2) (qo X )(x,0 = gi (x\ ?)+iq 2 (x", £"), (x, = (*', x"; ?, £") G R 2n , 
where q\ is a complex- valued quadratic form on R 2n with a non-positive real part 

(3.3.3) Re gi < 0, 

and q 2 is a real-valued quadratic form verifying the properties stated in Proposi- 
tions ElED and GLLU 

To obtain the result of Theorem ll,2.2[ let us notice from Proposition 12.0.11 that 
when the symbol q is elliptic on S, we can assume that 

n 

(3.3.4) g 2 (^n=sl>(^ 2 + zf), 

3=1 

where e 6 {±1} and A., > for all j — 1, ...,n". 

By using again the symplectic invariance of the Weyl quantization given by the 
theorem 18.5.9 in [7], we can find a metaplectic operator U, which is a unitary trans- 
formation on L 2 (R") and an automorphism of <S(R") such that 

(3.3.5) (q°X)(x,0 W = U- 1 q(x,O w U. 

Since the quadratic form q 2 is elliptic on R 2 ™ , we deduce from the theorem 3.5 in 
|llj that the spectrum of the operator iq2(x",£") w is only composed of eigenvalues 
with finite multiplicity 

(3.3.6) a(iq 2 (x",e) w ) = { E (r'l + 2k x )(-i\) : k x £ n}, 

-iA6£(ig 2 )\{0} 

where F 2 is the Hamilton map associated to the quadratic form q 2 and r' x is the 
dimension of the space of generalized eigenvectors of iF 2 in C 2 ™ belonging to the 
eigenvalue A G C. We notice from (|27T7]) . $n$M and that 

(3.3.7) Fi = F\ s <r± and F 2 = -F\ s . 

i 

Let us notice that if A is an eigenvalue of F\, such that Re(— iX) < 0, then we 
necessarily have 

Re(-iA) < 0, 

because if we had Re(— iX) = 0, it would imply that the Hamilton map F\ has a real 
eigenvalue and induce, as we saw in l|1.4.8p . that the singular space of the symbol gi 
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is not reduced to {0}. However, this singular space is trivial by construction (see (n) 
in Proposition ^. O.ip . This proves that 

Re(-iA) < 0. 

By using now that when the numerical range of a quadratic form q is contained in a 
closed angular sector T with a vertex in and an aperture strictly less than n then A 
is an eigenvalue of its Hamilton map F if and only if —A is an eigenvalue of F, and 

-iX e r or iX e r, 

(see section 3 in 0), we obtain from (f2TUT6|l . (f2T0T7|) . (f2TfX8|l and (|2ll9|) that 
(3.3.8) 

{A e C : A G a(F), -iX e C_ U (£(g|<?) \ {0})} 

= {A G C : A G d(Fi),Re(-iA) < 0} U {A G C : A G a(iF 2 ),-iX G E(ig 2 ) \{0}}, 

where F is the Hamilton map associated to the quadratic form q, 

£(g| s ) = and C_ = {z G C : Re z < 0}. 

We shall now deduce from the tensorization of the variables <|3.3.2[) . l|3.3.5p and 
(|3.3.7p that the spectrum of the quadratic differential operator q{x, £) w is only com- 
posed of eigenvalues with finite multiplicity 

(3.3.9) a(q(x,O w )={ (r A + 2fc A ) (-iX) : fc A £ n}, 

AGcr(F), 

-iAeC_U(S(g|s)\{0}) 

where r A is the dimension of the space of generalized eigenvectors of F in C 2 ™ belong- 
ing to the eigenvalue A G C. This result is trivial when the singular space is equal to 
the whole phase space because in that case the quadratic form qi is identically equal 
to and n" — n. We therefore assume in the following that 

(3.3.10) S ^ R 2n . 

Let us begin by recalling that we know from l|3.2.3p that the spectrum of the operator 
qi(x',£') w is only composed of eigenvalues with finite multiplicity 

(3.3.11) <j{ qi (x',O w ) = { {r' x +2k x )(-iX):k x eN}, 

Re(-iA)<0 

where r' x is the dimension of the space of generalized eigenvectors of F\ in C 2 ™ 
belonging to the eigenvalue A € C. It follows from (|3.3 . 1 1|) that when a positive 
constant a verifies 

(3.3.12) v(qi(x', O w ) n {z G C : Re z = -a} = 0, 

the operator qi(x' , £,') w only has a finite number of eigenvalues in the half-plane 

(3.3.13) {z G C : -a < Re z). 

In the following, we besides assume that the singular space is not reduced to zero 

(3.3.14) S^{0}, 

because the description l|3.3.9p is then a direct consequence of l|3.3.1ip . We now need 
some estimates for the resolvent of the operator qi(x' ,£') w to obtain the description 
(|3.3.9p for the spectrum of the operator q(x, £) w . 
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Proposition 3.3.1. For all a > such that 

<j( qi (x'^'r) n {z e C : Re z = -a} = 0, 
there exists C a > s?/c/i iftai 

(3.3.15) {{(z-q^x'^'ry'W <C a , 

for all z G C iwii/i —a < Rez and \Imz\ > C a . Here the norm is the operator norm 
on L 2 . 



Proof. When proving Proposition l3.3.R we first recall from (|3.2.6fl and <|3.3.10j) that 
there exist a > and M > such that 

(3.3.16) || e tqi ^'^' )W || < Me" 5 *, t > 0. 

By using Theorem 2.8 in [2], we can write that for all z € C such that Re z > —a, 

(z- qi {x',O w ) = / e- zt e tq ^ x '^ w dt, 
Jo 

and we deduce from (|3,3.16p that 

(3.3.17) ||(z- 9l (x',er) _1 |l < ''' 



a + Re z 

for all z£C, —a < Rez. This proves the estimate (|3.3.15p when the positive constant 
a is small enough. To prove the result in the general case, we shall follow an argument 
used by L.S. Boulton in [I]. Let us consider a positive constant a verifying p,3.12p . We 
have already seen that the operator qi(x', £,') w has only a finite number of eigenvalues 
with finite multiplicity in the half-plane 

{z e C : -a < Re z). 

We can therefore consider II Q , the finite-rank spectral projection associated to the 
eigenvalues 

a{q 1 {x'^') w ) D{zeC:-a<Rez}, 
and write for all z € C with z £ a{qi(x', C) w ) that 

(3.3.18) (z - q^x'^ry 1 = {z- q 1 (x',e) w y 1 ^ a + qiix'^ry'ii - iu 

Here 

(3.3.19) (z - gi (x',e) w y\l - n.) = (z - qi(x'^T\K^(l-u a) y\l - Ha), 
and we can write by using Theorems 1.22 and 2.8 in [2 J that 

i f +aa , i 

(3.3.20) (z~ qi (x',er\H,n(i-^)) = e -^ e t qi (x,i) \n^-n a)dt) 

Jo 

for all z G C with — b < Re z if we set 

(3.3.21) -b= lim - log ||e t9l(x '' e ' ) ™l^< 1 - n °> II. 

t^ + oo t 

Let us now notice that the contraction semigroup 

e tqi(x' ,£') m \ Ran(1 _ na) _ gtgiCx'.go^n — n a ), 

is compact for any t > since we have seen in section 13.21 that the contraction 
semigroup generated by the operator qi(x', £') w is compact for any t > 0. Since on 
the other hand the spectrum of the operator q\(x' , CO^lRanfi— n ) ls equal to 

o-(qi(x',C) w ) n{z G C : Rez < -a}, 
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we deduce from Theorems 1.22 and 2.20 in [2] that —6 < —a, which implies in view 
of (|3.3.2ip that there exists M > such that 

(3.3.22) || e t9i(z':C'nRa„(i-n a) || < Me~ at , t > 0. 
We then deduce from l|3.3.20p and (j3.3.22|) that 

(3.3.23) \\(z- 9l tf,sT\B* a (.i-n a ))~ 1 0--n«)\\ < - + ^ ez P - n„||, 

for all z £ C with —a < Re z. Since on the other hand 

(z - g 1 (a: / ,C , r)" 1 n« = (z - gi(x',e'riRann a ) _1 n a , 
and the vector space RanII a is finite-dimensional, we therefore have 

(3.3.24) \\(z - qi (x' ^TV'ttaW = O a (l), 

for any z £ C when \Imz\ is large enough depending on a. We finally deduce the 
result of Proposition [3XT1 from (|3.3.18[1 . (|3.3.19|l . (|3.3.23p and (|3.3.24|) . □ 

Remark. Let us notice that the previous proof actually shows that when g is a 
complex- valued quadratic form on R 2 ™, n > 1, with non-positive real part and a zero 
singular space 

S = {0}, 

then 

e t«(x,0" = e t9(^«) u 'n a + o a ( e - at ), * > 0, 
in C{L 2 ) for any a > such that 

a(q(x,£,) w ) n {z e C : Re z = -a} = 0. 

We can now resume our proof of Theorem 11.2.21 In doing so, we recall that any 
quadratic differential operator q(x,£,) w whose symbol has a non-positive real part, is 
defined by the maximal closed realization on L 2 (R") with the domain 

{u £ L 2 (R") : q(x,£) w u £ L 2 (R")}, 

which coincides with the graph closure of its restriction to £>(R"), 

q(x,£) w : S(R n ) ->S(R n ). 

By noticing from (|3.3.5[) that 

(3.3.25) *{(q°x)(x,0 W )=<r(q(x,0 W ), 

we deduce from pX2]l . (f3T3~6|) . (f3~3~8|l and (|3.3.1ip that it is sufficient for obtaining 
(|3.3.9p and ending the proof of Theorem ll.2.2l to establish that 

(3.3.26) cr(q(x,0 W ) = ^M*', £T) + a(iq 2 (x" ,CT)- 

We then notice that since the spectra of the operators qi(x',C) w an d <l2(x",C) w 
are only composed of eigenvalues, we directly get the first inclusion 

CT(qi(x',e) W ) +<T{iq 2 {x\eT) C cr(q(x,O w ), 

by considering the functions 

u{x',x") = u 1 {x')u 2 {x") £ L 2 (W l ), 

where u± and u 2 are respectively some eigenvectors of the operators qi(x',£') w and 
q2(x",£") w , since these functions are eigenvectors for the operator q(x,^) w . We shall 
now prove the opposite inclusion. Let us consider z £ C such that 

(3.3.27) z ?a( qi (x',er) + a(iq 2 (x" ,0™)- 
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In view of (|3,3.25p . it is sufficient to prove that the map 

(q ° X)(*,0 W -z:{ue L 2 (R n ) : (q o X )M w u G L 2 (R")} - L 2 (R"), 
is bijective to obtain the second inclusion. We denote by 

ip a ( x ) = H a {x)e~ x2 / 2 , a G N'\ 

the orthonormal basis of L 2 (R") composed by Hermite functions. Here the Hermite 
polynomials H a (x) satisfy 

n 

H a (x) = Y[ H aj (xj), 

and therefore we write 

(3.3.28) <p a (x) = <p a ,{x')<p al/ {x"), a 1 £ N"', a" G N n " ■ 
Let us consider the following equation with u and v in L 2 (R"), 

(3.3.29) (qo X ){x,£) w u~ zu = v. 
We can write 

(3.3.30) u(x) = ^ a a >a"<Pa>(x')tPa"(x"), v(x) = Y b a ' a »ip a ,{x')tp a »{x"), 
where the two sums are taken for (a', a") G N n x N n . By using from (|3.3.2p that 

(q o %)(x, = <zi(x', er + «&(*", er, 

we obtain from (|3.3.4|) that 

{q°x){x,£,) w u- zu 

(3.3.31) = ^ a a'a" [qi(x',£,') W fa'(x') + i/J, a "(p a '(x') - Z(p a >(x')]<p a >/(x"), 

with 

n 

since 

By setting for any a" G N n , 

V a „(x')= f } a'a"fa'(x') G L 2 (R"'), 

so that according to (|3.3.30|1 , 

(3.3.32) v(x)= Y v a "{x')ip a "{x"), 

o"GS"" 

we deduce from <|3.3.31|) that for solving the equation (|3.3.29[) . we have to solve all 
the equations 

(3.3.33) (qi(x ,^') w + ifi a ff — z)u a "(x') — v a "(x'), a" G N n , 
where 

q'GN"' 

We deduce from (|3,3.27j) that there is a unique solution u a "(x') in L 2 (R™ ) for each 
of the equations (|3.3.33j) . This proves that for every v G L 2 (R"), there is at most one 
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solution to the equation (|3.3 . 2Q[) . Let us denote by u a n the solutions to the equations 
P-3.33P and 

(3.3.34) u = ^2 u a »(x')ip a »(x"). 

u"eK»" 

The equation (|3.3.29p will have a unique solution in L 2 (R") for every v G L 2 (R") if 
we prove that the function u defined in i|3.3.34p actually belongs to L 2 (W l ). This is 
the case. Indeed, we obtain from (|3.3.32|1 and ([3.3.33P that 

a"€N»" a"£N"" 

< C IIV'llyfHn') = C||^||i^(R«) < +00, 

a"GN"" 

because we deduce from Proposition 13.3. II and l|3.3.27p that the quantities 

\\( qi { x ',e) w +i^ a »-zy 1 i 

are bounded with respect to the parameter a" in N™ . This ends our proof of Theorem 
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